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Cold Dense Matter EoS is a Hard Problem



Lattimer & Prakash 2001; Ozel & Psaltis 2009

Neutron Star Observations Can Pin Down EoS

EoS maps directly to macroscopic properties of neutron stars 
and vice versa

Pulsar Masses 

Laboratory Experiments, Theory  



Probes of the NS EoS

• Pulsar masses  
• Neutron Star Radii from X-rays (2 methods)
• Gravitational Wave Signals 

           upcoming:
•  Moment of Inertia



Measuring Neutron Star Masses

Advance of periastron

Einstein delay

Shapiro delay r

Shapiro delay s

Orbital period decay



Masses from Post-Keplerian Parameters

Lyne et al. 2004 
Kramer & Wex 2009 

The Double Pulsar J0737−3039



Record Holders in Mass

— 1.92 ± 0.04 M⊙ (Fonseca et al. 2016; Pulsar timing)

— 2.04 ± 0.04 M⊙  (Antoniadis et al. 2013; Pulsar 
timing+WD Spectroscopy)

— 2.14-0.09 +0 .10 (Cromartie et al. 2020; Pulsar timing)



Method I: Spectroscopy of 
Surface Emission

Measurement of Neutron Star Radii

Uses Models of Neutron Star Atmospheres 
and Spacetimes 



Radius Measurements: Neutron Star in a Binary

                  TARGETS
• Little/no accretion disk emission
• Little/no magnetospheric emission
• Low magnetic field
• Thermal emission observed in quiescence 
    and in thermonuclear bursts



Radius Measurement using Thermonuclear Bursts

Guver et al. 2012 a,b



Radius Measurement using Thermonuclear Bursts

Guver et al. 2012 a,b



Ozel et al. 2009, 2010, Steiner et al. 2010, 2013, Guver et al. 2012 a,b, Guillot et al. 2013, Heinke et al. 2014, 
Baubock et al. 2015, Ozel & Psaltis 2015, Bogdanov et al. 2016, Ozel& Freire 2016, Steiner et al. 2017

Six Burst Sources Eight Quiescent Sources

Ozel et al. 2016 



Neutron Star Radius Results 
from Method I
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Radii are 10-11.5 km, 95% C.I.
Implies Mmax ~ 2.05 M⊙ 



Ozel et al. 2016

Dense Matter EoS is soft, i.e., 
lower pressure than some 

nucleonic models 
at intermediate densities

May indicate new (quark?) 
degrees of freedom

Implies low isospin symmetry 
energy

Equation of State Results 
from Method I



Not a settled problem



Radius Measurement Method II:
Pulse Profile Modeling

Weinberg, Miller, & Lamb 2000; Bogdanov et al. 2007, 2013;
Baubock et al. 2015, 2016, Psaltis, Ozel, Chakrabarty 2014 



Launched: May 2017

Collecting data on key pulsar targets
thermonuclear bursts 
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First Analyses from NICER data

Riley et al. 2019, 2021
Miller et al. 2019, 2021



Questions and Systematics with NICER Results
Very large number of free parameters (size, shape, & latitude of each 
spot, observer’s inclination, beaming function of radiation, background, 
foreground, …)

Spot distributions not physically motivated

Impact of bombardment on polar caps (as opposed to the deep heating 
model assumed in the analyses)

Subtraction of the magnetospheric component (assumed a power-law)



Tidal deformability from GW170817

LVC (2017, 2019)
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From analysis of binary waveform, one can extract 
effective (or binary) tidal deformability:



New Universal Mapping Between Λ and Stellar Radius 
Likelihood

~

Raithel, Özel, and Psaltis (2018);  Raithel (2019).



Connecting tidal deformability to stellar radius

Raithel, Özel, and Psaltis (2018)
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In order to see why the dependence on mass in eq. (3)
for e⇤ is so weak, we must introduce an explicit function
for the tidal deformability. We do so in two regimes.
In the fully relativitsic limit, we use the quasi-universal
relation between ⇤ = �m5 and the compactness, found
originally in Yagi & Yunes (2013) to agree for all EOS to
within a few percent. In subsequent work, Yagi & Yunes
(2017) found that the relationship can be written as

C = a0 + a1 ln⇤+ a2(ln⇤)
2, (4)

where C ⌘ GM/Rc2 is the compactness and the co-
e�cients are fit to be a0 = 0.360, a1 = �0.0355, and
a2 = 0.000705. The relation holds to within 6.5% for a
wide variety of EOS (Yagi & Yunes 2017). While this
relationship eliminates the EOS-dependence in ⇤ and
allows us to write e⇤ as a function only of the compo-
nent masses and radii, it does not make the weak mass-
dependence obvious.
Thus, we also introduce an expression for the tidal Love

number in the Newtonian limit. Yagi & Yunes (2013)
showed that the Newtonian expression for the tidal Love
number for a polytropic EOS with index n = 1 is simply

⇤N =
15� ⇡2

3⇡2

1

C5
. (5)

This expression for ⇤N depends on the circumferential
radius; however, the observed tidal deformability is sen-
sitive to the proper radius. In order to use the Newtonian
expression, therefore, we must account for the appropri-
ate redshift, i.e.
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We can combine this with eq. (3) to write the Newto-
nian e↵ective tidal deformability as
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where we have assumed that radii for the two neutron
stars are the same, as is approximately true for n = 1
polytropic EOS. Finally, we can eliminate m1 in favor of
Mc and q with eq. (2), yielding an expression for e⇤N,1
in terms of only q, Mc, and R.
This Newtonian form of e⇤N,1 is much simpler to work

with, but is it a good enough approximation? We show
e⇤ and e⇤N,1 as functions of m1 in Fig. 2 as the solid
and dashed lines, respectively, for fixed radii of R=10,
11, and 12 km. We find that the Newtonian approxi-
mation provides a reasonable approximation of the full
expression for e⇤, calculated using the quasi-universal re-
lation. Thus, we focus now on e⇤N,1 and understanding
its dependence on the masses.
In order to highlight the mass dependence of e⇤N,1,

we performed a series expansion assuming q = (1 � ✏),
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Fig. 2.— E↵ective tidal deformability as a function of the pri-
mary mass, m1. We calculate e⇤ for three fixed radii, R=10, 11, and
12 km, shown in purple, blue, and green, respectively. The solid
lines show the tidal deformability calculated using the empircally-
fit universal relation between ⇤i and the compactness from Yagi
and Yunes, while the dashed lines show the GR-corrected Newto-
nian approximation for ⇤i from eq. (XXX). The Newtonian ap-
proximation is a good approximation of the full GR result.

TABLE 1
e⇤N expansion terms for the chirp mass measured

from GW170817.

Radius Coe�cient Expansion

R = 10 km 143.4 1 + 0.451✏2 +O(✏3)
R = 11 km 268.0 1 + 0.319✏2 +O(✏3)
R = 12 km 465.8 1 + 0.225✏2 +O(✏3)
R = 13 km 764.6 1 + 0.156✏2 +O(✏3)

i.e., assuming that the mass ratio is close to unity and ✏
represents the deviation away from 1. We find
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where ⇠ is a “e↵ective compactness”,

⇠ =
21/5GMc

Rc2
. (9)

From eq. (8), we see that e⇤ scales approximately as
R5. When the mass ratio is close to one (i.e., when ✏ is
small), the masses add only a small correction. For the
measured chirp mass from GW170817, we calculate the
coe�cients for a few radii in Table 1. We note that the
mass dependence only enters at order ✏2; and even then,
the mass dependence enters only as a deviation from a
mass ratio of q = 1. We find that the weak dependence
on mass becomes even weaker as the radius increases.
However, even for R = 10 km, the mass dependent term
adds at most a ⇠4% correction to e⇤N for the mass ratio
range inferred for GW170817.

4.1. Black hole-neutron star mergers

Black hole-neutron star mergers are another source of
gravitational waves that may contain information about
the neutron star EOS. The tidal Love number of a black
hole is zero (Damour & Nagar 2009; Binnington & Pois-

R = 12 km

R = 11 km

R = 10 km

Λ" no longer depends 
on individual 

component masses 
when Mc is fixed



RGW170817 = 10.2 – 11.7 
km

(68% HPD interval)

Neutron star radii from GW and X-ray measurements

Raithel (2019);  Raithel, Özel, and Psaltis (2021).
X-ray data from LMXB analysis of Özel+ 2016.

• See also De et al. (2018) and Zhao & 
Lattimer (2018) for similar Λ"(R) relationship, 
with different set of assumptions.

• And see Annala+ (2018), Abbott+ 
(2018), Most+ (2018), Tews+ (2018), 
Lim and Holt (2018), … for many more 
estimates of R from GW170817



GW170817 
constraints

X-ray radii

Where We Are


